We study the existence of positive solutions of the periodic, Neumann or Dirichlet problem for the semilinear equation
INTRODUCTION
Let / : [0, T] x [0, +oo) -> I be a Caratheodory function (that is, measurable in the first variable and continuous in the second one) and consider the differential equation (0) u" + /(*, u) = 0.
We are concerned with the problem of finding solutions of equation (0) subject to boundary conditions of periodic, Neumann, or Dirichlet type. By definition of / , these are nonnegative solutions, that is u(t) ^ 0 for all t £ [0, T]. In some cases we study the special form of (0) 
in which f(t, u) -g(u) -h(t), where g: [0, +oo) -> R is continuous and h € L x (0, T).
In the general case we assume, without further mention, that f{t, u) has the following property: for each k > 0 there exists a function ip £ L 1 (0, T) such that, for almost every t G [0, T] and every tt 6 [0, k] we have 440 L. Sanchez [2] confine ourselves to draw the attention of the reader to articles by Amann [1] , Smoller and Wasserman [17] , De Figueiredo [6] , Brezis-Oswald [3] and Costa and Goncalves [5] .
As is well known, the method of lower and upper solutions yields not only existence of a solution but it also locates the solution between given bounds. To use this method, one must be able to construct a lower solution u and an upper solution u of (0) (with the appropriate boundary condition) so that 0 ^ u ^ u. The results presented in this paper aim at obtaining existence when a lower solution is given but no upper solution is known, or vice versa, or if a lower solution and an upper solution are given in the wrong order: thus our assumptions will involve the existence of one such lower or upper solution. We shall see that, adding some assumption on the local or asymptotic behaviour of f(t, u), we are still in a position to guarantee, in some instances, the existence of a solution.
PERIODIC SOLUTIONS
We start by analysing a special form of equation (0), namely
with periodic boundary conditions
Here, T > 0, h £ £^0 , T) and g: [0, oo) -> E is a continuous function.
Let us introduce some notation. The symbol || || will denote the usual norm of
, we write h-h + h, where so that h has mean value zero on (0, T).
We shall make use of the fixed point index of a compact map in the positive cone of a Banach space (see [1] for instance). Let
be the positive cone in the space of continuous, T-periodic functions. If fi is a bounded open set in C + , and F: Q -* C+ is a compact mapping such that F has no fixed points on the boundary d+£l of Q relative to C+, we denote by i+(F, SI) the fixed point index of F in fi.
In our first results (Theorems 2.1 and 2.2) u(t) = 0 is a subsolution of (l)-(2). We first prove two lemmas where a slightly stronger hypothesis, which we call (A.I), is used; this kind of hypothesis appears also in [11] . We claim that there exist no solutions of (5) on the boundary (relative to C+) of fl, d+Cl. To see this we first show that, given a solution u G fl of (5) the following estimate holds:
In order to prove (6) we remark that integrating (5) in [0, T] and using (4) we conclude that for some s G [0, T) we have u(a) < a. Now let t 0 G R be such that a ^ w(*o) ^ b and u'(to) > 0, for a given solution u G fl. Extending u to K as a T-periodic function and using the above remark we may choose tj > to such that a < u[t) ^ b if t 0 < t < ti and u'(*0 = 0. Then (5) yields
The integrand in the left-hand side is negative because of (4), so that
and (6) holds. A similar argument applies if u'(<o) < 0. Now let u 6 d+Sl be a solution of (5) . Then HttH^ = b and we may choose h < h < U such that u(h) = u(t 3 ) = a, u(t 2 ) = 6 and a < u(<) ^ b if ti ^ t < t 3 . Using (6) we deduce that
and it follows that 2(6 -a) a contradiction with (3). Thus our claim is proved.
Denote by K:
T) the inverse of the linear differential operator
-u" + Ru with periodic conditions (2). We take R in (Al) so large that also go(u) + Ru ^ h whenever u ^ 0. Let
Then N is a continuous mapping of [0,1] x fl into the positive cone of £ 1 (0, T); it takes bounded sets into bounded sets. Since K is a positive linear operator, the product KN: [0, 1] x fi -* C+ is compact and we see that (5) may be written simply as
Prom what we have proved above and the homotopy invariance of the fixed point index we get
When A = 0, the only solution of (7) is u = a 6 fl as (5) shows. By linearisation we easily obtain
Therefore (8) and the existence property of the fixed point index implies that (7) 
. Suppose that g(0) ^ h(t) for almost every t G [0, T] and there exist 0 < o < b such that (4) and (9) are satisfied. Then problem (l)-(2) has at least one solution u(t) ^ 0.
In our next theorem the assumptions imply in particular that we have a lower solution u(t) = a > 0 and an upper solution u(t) = 0 (thus in the wrong order) for problem (0)-(2). Precisely, let us state (see [11] 
where h G i 1 (0, T) and h is nonnegative, is itself nonnegative. In fact, multiplying ( 
11) by cosy/R(t -t 0 ), then by sin\/JR(< -1 0 ) and integrating over [t 0 , to + T] (we assume that h(t) is T-periodically extended) we are left with a linear system which yields to+T h{t)[sin VR(t -t o ) + sin VRT -(t -t o )]dt 2\[R\\-
COSy/RT) and the remark easily follows.
THEOREM 2 . 3 . Let f{t, u) satisfy (A2). Assume also that there exist a > 0 and £ > 0 such that
(12) f(t, u) ^0 , for all u G [a,
o + e] and almost everyt G [0, T] and either R < 2T~2 or there exists a G L X (Q, T) such that, for t G [0, T] and u ^ 0, (13) /(*, u) > a(t).
Then problem (0)- (2) has at least one solution u ^ 0.
PROOF: Choose a' < a, close to a. Consider the homotopic equations
where <r G (0, it) and 0 < A ^ 1. We claim that there exists A > 0 such that, if u(t) is a solution of (14) for some A G [0, 1] and minu ^ a, then
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To prove this, assume first that R < 2T~2. Using Proposition 3.1 in [8] we obtain for solutions of (14) From what has been proved above we can assert that, if 0 ^ A < 1, (14) has no solution in 9+f2. In fact the possibility that minu = a for such a solution u(t) is ruled out by (12). Otherwise we would be able to choose an interval In the next theorem we return to equation (1), and u(t) = 0 is again a subsolution.
THEOREM 2 . 4 . Suppose that (8)ds, (u ^ 0), and for some R > 0 we Aave
Then problem (l)- (2) we can construct a lower solution u > 0 and an upper solution u of (18)-(19), such that u ^ u (see [5] ) or else we can solve the problem through minimisation of the associated functional, see [3] . A quite different situation occurs if
this may be studied through the fixed-point index (see [1] ) or the time map (see [12] ).
Here we are interested in starting from an hypothesis similar to this one but only where the behaviour near zero is concerned; we then add a one-sided Landsman-Lazer condition. Note that if fi{a) > 1 holds as above, it is easy to see that (18) 
